The phantom dark energy remarkably boosts our prehension of the accerlerating Universe. In the phantom Universe without bulk viscosity, the models are warmly discussed. In order to generalize the model, we should study it further by considering viscous fluid in the Universe. In this paper, we investigate a class of phantom dark energy models with bulk viscosity by the method of dynamical analysis technique. We show that there are different cosmic late-time behavior and the stability also brings some constraints on the models. We also show that the viscous phantom Universe admit the tracking attractor solution. We find that the viscosity play an important role in the evolution of Universe, the viscosity is big enough, the late time transition from matter dominated to phantom dominated would be different from that of the phantom Universe without viscosity.
I. INTRODUCTION
In the past 20 years, the cosmological observational data made it possible to determine the geometry and the expansion history of the Universe [1] [2] [3] [4] [5] [6] [7] . The late time accelaration of the Universe indicates that the requiement of either the modification of theories of gravitation or the existence of a component in the Universe that acts as gravitational repulsion. Such a component, that should be relatively uniform in the observable Universe, is called dark energy, whose physical origin is still an open question in modern cosmology. Dark energy is usually described by the equation of state (EoS) w = p/ρ, where p is the pressure and ρ is the density. From the evolutionary equation of the scale factor a:ä
we can see that an accelerating Universe desires w < − 1 3 , which suggests that the pressure of dark energy is negative. Here we use the units that 8πG = 1. With the equation of state w = −1, the cosmological constant Λ has provided a good description for the accelerating Universe. However, since the quantum vacuum energy plays the same role as the consmological constant, one cannot explain why the observed cosmological constant is so small. The value of vacuum energy density contributed from the sum of all vacuum modes below an ultraviolet cut-off at the Planck scale is given by ρ Λ ∼ 10 112 erg/cm 3 , which exceeds the observational value of ρ Λ ∼ 10 −8 erg/cm 3 by about 120 orders of magnitude [8] .
Therefore, different dark energy models other than the cosmological constant have been suggested to describe the accelerating Universe. Among the models, the scalar field models of dark energy may probe the nature of the acceleration of the Universe. Such a kind of scalar field is called quintessence [9, 10] , which is considered as one of the candidates of dark energy that inspired by quantum theory. R.Caldwell suggested another type of scalar field in the Universe named phantom [11, 12] . In Ref. [13] [14] [15] [16] , the authors pointed out that the big rip in late Universe of phantom dark energy can be avoided. With w < −1 more genralized dynamical models of dark energy like quintom [17] , k-essence [18] and H-essence [19] are also widely discussed.
One way to generalize the phantom Universe is to consider the imperfect fluid. The evolution of imperfect fluid is a dissipative process, which can be described by bulk viscosity, shear viscosity and heat conduction. The viscous relativistic fluids were first suggested in Refs. [20, 21] . In the general theory of dissipation in relativistic imperfect fluid, the evolution equation becomes very complicated. Fortunately, if we study the phenomenon in the quasithermal equilibrium state, the conventional theory is still valid. In fact, in the homogeneous and isotropic Universe, the dissipative processes can be described by bulk viscosity and the shear viscosity can be ignored. The bulk viscosity introduces dissipation by re-defining the effective pressure p ef f as
where ξ i is the bulk viscosity coefficient of any component and H is the Hubble parameter. Up to now, how dissipative processes may affect the evolution of Universe has been conscientiously studied [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . It is found that the viscosity plays an important role in the evolution of the Universe. For exmaple, in Ref. [22] , the author stuied the cosmological dynamics of the viscous generalized Chaplygin gas , giving the constraints of the parameters. In Ref. [31] , the author discussed the viscous Cardassian models and fit the models with Ia SN data, which is instructive in the study of observational cosmology. The authors of Ref. [32] alleviated the cosmological age problem by investigating the viscous Ricci dark energy. And in Ref. [27] do a statistics analysis considering an interacting and viscous Universe and perform a dynamics system approach as well. For this paper, we investigate the viscous phantom Universe by assuming that there is bulk viscosity in the phantom dark energy.
On the other hand, the dynamic system of the Universe is a non-linear system so it is hard to finds its analytic solution. In order to describe the evolution of a dynamical system, people usually find the critical points of the system and study the perturbations around these critical points to determine the stability of the system. Another advantage of the dynamical approach is that it can completely avoid the influence of non-linear effect. Thus, in the study of cosmology, the dynamical method is widely used in the discussions of dark energy [37] or modified gravitation [38] . General reviews of the autonomous systems in FLRW universe have been given in Refs. [39, 40] .
In this paper, we,will assume the existence of the bulk viscosity in the phantom dark energy and investigate the evolution of the viscous phantom Universe by the dynamical appoach. The paper is organized as follows. In Sec.II we give a brief review on the phantom dark energy and reconstruct the viscous phantom models. We study three different models of viscous phantom dark energy respectively in Sec.III, Sec.IV and Sec.V respectively. Among the three models, Model C is a special case with tracking attractor. Finally, discussions and conclusions will be given in Sec.VII.
II. VISCOUS PHANTOM DARK ENERGY
The Friedman-Lemaitre-Robertson-Walker (FLRW) metricthat describes a homogeneous and isotropic flat Universe is given by
where a(t) is the scale factor. The action of the phantom field reads as
The Friedmann equations of the Universe composed by dust matter and phantom field reads
where ρ i and p i are the density and pressure of different components. The dissipation of bulk viscosity is introduced by the effective pressure of phantom field [20, 22, 31, 32 ]
and the evolutionary equation of phantom field can be written as
where ξ φ is the bulk viscousity coeffcient of phantom field. Due to the second law of thermodynamics, we have ξ φ > 0 that assures a positive entropy production. So the evolution equations for the dust matter and the phantom fields can be written asρ
We introduce the dimensionless variables as follows:
The relative densities of the components are given by
And the EoS of phantom field reads
We may obtain
For viscous phantom cosmological dynamical system, the equations of autonomous system can be expressed as
where N = ln a = − ln(1 + z). We will study three models with differnt viscosity in the following sections.
III. AUTONOMOUS SYSTEM OF MODEL
Firstly we are interested in the model whose bulk viscosity proportional to the Hubble parameter, given by ξ φ = 3ξ 0 H. In this model, we choose the exponential potential as
where α and V 0 are positive constants. Thus, the equations of dynamical system of Model A can be reduced as the following equations:
from which the critical points are obtained and the physical conditions of these critical points can be studied, See Table  I . And we may also perform perturbations to study the stability of these points by substituting linear perturbations near the critical ponits in the form as
where x (Ai) and y (Ai) denote the coordinates of the critical points (x (Ai) , y (Ai) ). From the perturbation equations
we may give the eigenvalues of each point. For a 2D autonomous system, a stable point requires the real part of both eigenvalues to be negative, a saddle point is with one eigenvalue having a real part and the other having a negative one, and the point is unstable if the real parts of both eigenvalues are positive. Ignoring the unphysical points, we list the two fixed points of the autonomous equations in Table I , labelled as Case (A1) and Case (A2). For Case (A1), the eigenvalues of the perturbation matrix are given by
It is conceivable that the stability of this critical point is determined by the values of α and ξ 0 . The corresponding regions of the two parameters to thestability are shown in Fig I(a) and also listed in Table I . This point trends to (0, 0) when ξ 0 → 0, thus it represent a matter dominated Universe. Case (A2) is the only non-trivial critical point besides case (A1), which represents a phantom dominated Universe. The eigenvalues of the perturbation matrix are given by
where C 1 , C 2 and D 1 to D 4 are coefficient composed of α and ξ 0 (see Appendix A). The regions of α and ξ 0 indicating the stability of the critical points (A 2 ) are illustrated in Fig.1 (b) and the stable area of (A1) and (A2) are separate. However, in a physical view, we want α and ξ 0 to be small. So in the following study we may condider case (A1) as a saddle point and case (A2) as a stable point. The phase diagrams are also given in the figures below. Figure. (a), the yellow region named "I" is the stable region of Case (A1). Similarly the green region named "II" is saddle region and the red one named "III" is unstable region. The stable condition of Case (A2) is shown in Figure. (b), the yellow region named "I" is the stable region and green region named "II" is saddle region. In Figure. (c), the upper pink region is the stable region for Case (A1) and the lower yellow region is the stable region for Case (A2). It is clearly shown that the stable region of the two fixed points seperate from each other. Another form for bulk viscosity that we are interested in is ξ φ = ξ 0φ . The equations of dynamical system of Model B could be reduced to the following equations:
Similar to Model A, the critical points for the dynamical system are listed in Table. II.
Case Critical points (x, y) Stability In Model B, case (B2) remain positive when α > 0 and ξ 0 > 0, see details in Appendix B. Next, we study the above model numerically. The intial values of x and y are chosen as shown in Fig.4 . Next, we study a special model to see the tracking behavior of viscous phantom dark energy. Supposing that λ is very large and Γ is nearly constant but is not 1, we make the following transformation similar with literature [14, 41, 42] .
We also suppose that ξ is nearly constant. The terms with omitted, the autonomous system can be rewritten in terms of new variables X and Y as:
Thus, we may obtain the non-trivial and physical allowed point among the critical points:
where Γ a = 1 2Γ−1 . At this state, the corresponding energy density parameter of viscous phantom field is given by
And the EoS of viscous phantom energy read as
From the physical requirement 0 ≤ Ω DE ≤ 1, the viable area of Γ and ξ is shown in the Fig.5 below. As remarked before, λ is large, thus we can easily find that the critical point X c , Y c lead to a matter dominates Universe. And the density parameter of the viscous phantom field would track with the evolution of dark matter.
Next we will study the stability of the critical point. Similar to Model A and Model B, we have
The eigenvalues are given by
where
According to the previous discussion, we found that in the viable area of (Γ, ξ) the eigenvalues are negative. Thus this is a stable point. 
VI. EXAMPLE OF TRACKING SOLUTION OF VISCOUS PHANTOM DARK ENERGY
Next we may show a special potential function that may lead to a tracking solution. The equation of motion of viscous phantom field can be rewriten asφ
And we choose the viscosity that
According to literature [43] , the potential function of the scarlar field with a tracking solution is given by
where w = w φ and φ in is a constant depending on the initial condition. Thus, the pontential function of the viscous phantom field is given by
Here we have put the viscous term into the potential term and w φ is given by Eq. (14) . V 1 is an integration constant. Specially, when matter dominants and Ω m Ω φ , the pontential function turns to
VII. CONCLUSION AND DISCUSSION
In this paper, the cosmological dynamics of viscous phantom Universe is investiagted qualitatively and numerically . The three types of viscosity are listed here:
(1) Model A:
Model C: Big λ . In the above discussion, we have analyzed the dynamical evolution field for viscous phantom or different parameters and initialconditions. We find that there are two cirtical points that describe a late time transition from matter dominated era to phantom dominated one in Model A and Model B. Since the potential function V (φ) are both V 0 e −αφ in Model A and Model B, we find that with the increase of the value of α, the node point moves away from the point (0, 1). However, in Model A, when α is fixed, if the viscosity is big enough, the critical point may move into the regime that − 1 3 < w ef f < −1, which means the viscosity does play an important role in the evolution of the Universe. The dynamical approach of Model A and Model B also place constraints on the parameters in the exponential potential. We have also discussed the dynamics of the viscous phantom field for a general potential and reach the tracking solution in some special cases.
After all, due to its ability to produce observational predictions cosmology is always a testable theory and we believe that in the future some new experiments with multiple observations and techniques will improve our knowledge of late-time accerlerating expansion. For example, in Ref. [44] , demonstrated that quintessence dark energy models can be ruled out in the next 5 years independently of cosmological observations if long-baseline neutrino experiments measure the neutrino mass ordering to be inverted. And the development of artificial neural network [45] may help in the future study. 
When y is zero, we can obtain that
This is a linear equation with stardard form that we easily can solve it by Cardan formula:
Thus we may obtain the Case (A1) after ignoring the complex solutions. When y is not zero, we can obtain that
And we want a physical solution that observe 0 < −x 2 + y 2 < 1 when α and ξ 0 are positive. Thus, this viable critical point is listed in Table I . Next we may disscuss the eigenvalues of the two points. For case (A1), y is zero, the perturabation matrix is given by
The eigenvalues observe the equation
So we can obtain
When y is not zero, the eignevalues are given by
With the results one can discuss the stability of the model.
